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We obtain the Misner-Sharp mass in massive gravity for a four dimensional spacetime with a two
dimensional maximally symmetric subspace via the inverse unified first law method. Significantly,
the stress energy is conserved in this case with a general reference metric. Based on this property we
confirm the derived Misner-Sharp mass by the conserved charge method. We find that the existence
of the Misner-sharp mass in this case does not lead to extra constraint for the massive gravity, which
is notable in modified gravities. In addition, as a special case, we also investigate the Misner-Sharp
mass in the static spacetime. We make a concise discussion of the stability problem in frame of the
massive gravity in consideration. Especially, we take the FRW universe into account for investigating
the thermodynamics of the massive gravity. The result shows that the massive gravity can be in
thermodynamic equilibrium, which fills in the gap in the previous studies of thermodynamics in the
massive gravity.
PACS numbers: 04.20.-q, 04.70.-s
I. INTRODUCTION
The mass (energy) of gravity field is a notorious problem. On the one hand, gravity field must be associated
with mass, else gravitational wave becomes meaningless. And the gravitational collapse will be inscrutable, since the
energy of the matter of the original star vanishes. A reasonable theory must ensure that gravitational wave carries
mass and the spacetime relic after collapsing hides energy equaling to that of the original star. On the other hand,
a diffeomorphism invariant stress energy is strictly forbidden by the equivalence principle. Due to this principle, any
free falling observer should sense a Minkowski spacetime, whose gravitational stress energy should be zero, and hence
the gravitational stress energy should be zero for any observer according to the diffeomorphism invariance. This
embarrassed status of stress energy of gravity forces us to consider quasi-local mass of gravity. We now have several
different forms of quasi-local masses, for a review see [1].
In the spherically symmetric spacetime, one of the leading form is the Misner-Sharp mass. Misner and Sharp find
some clues of the form of the Misner-Sharp mass by exploring the mass transformation from matter to gravitational
field in a collapsing model [2]. The explicit form of Misner-Sharp mass is presented in [3]. An isolated defined
quasi-local quantity seems not very interesting. If one want to deal with problems such as the mass transfers from
one region to the other region, for example in the case of the gravitational wave radiation; or from one form to the
other form, for example in the problem of gravitational collapsing, one had better introduce a conserved current
to understand these astrophysical processes. In fact, the Misner-sharp mass is a component of a conserved current
corresponding to the timelike Killing vector in static spherically symmetric spacetime and to the Kodama vector in a
general spherically symmetric spacetime. Some generalizations of the original Misner-Sharp mass has been introduced
in [4] for the Gauss-Bonnet gravity, in [5] for four dimensional f(R) gravity, and in [6] for higher dimensional f(R)
gravity.
All these generalizations are based on a unified definition of the Misner-Sharp mass. In an n-dimensional (n≥3)
spacetime which permits three-type (n− 2)-dimensional maximally symmetric subspace, we define the Misner-Sharp
mass Mms as follows,
Mms = −
∫
∗(TabKb), (1)
where T denotes the stress energy of the matter fields, K labels the Kodama vector (which reduces to a Killing one
in stationary spacetime) [7], and a ∗ represents the Hodge duality. We see that in this form the gravitational mass
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2is always smuggled by the matter masses. In a vacuum region, for example a shell dwelling at r1 to r2 (0 < r1 < r2)
in the Schwarzschild spacetime, the Misner-Sharp mass is zero. The Misner-Sharp mass does not change when more
vacuum regions (without singularities) are included. This is a critical property of the Misner-Sharp mass. In fact, the
Misner-Sharp mass is the total mass of matter and gravity, for a clarifying of this point, see [8]. By properly using
this point, we can obtain some exact solutions with special symmetries via thermodynamic considerations [9].
The massive gravity is an important generalization of Einstein gravity. With the requirement of diffeomorphism
invariance the Einstein gravity is the unique one which corresponds to a massless spin-2 boson [10], though this is not
the history style by which the Einstein theory is derived. In principle, we are always be curious to ask that what will
happen if we introduce a mass for this spin-2 boson. But, in opposite to our intuition based on the Proca equation,
this is a very intricate problem [11]. Several investigations have been made in massive gravity. In [12–14], a classical
of nonlinear massive gravity theories has been proposed, in which the ghost field is absent [15, 16]. In this class
of massive gravity, generally the stress energy is no longer conserved. Recently, Vegh [17] found a nontrivial black
hole solution with a Ricci flat horizon in four dimensional massive gravity with a negative cosmological constant [18].
He then find that the mass of the gravitons can play the same role as the lattices do for the holographic conductor
counterpart: the conductivity generally exhibits a Drude peak which approaches to a delta function in the massless
gravity limit. The black hole thermodynamics of this class of massive gravity is studied in [19]. Some holographic
consequence of the effect of graviton mass in massive gravity has been investigated in [20–24].
An interesting problem in massive gravity is that the conservation of the stress energy will break down if we still
require the theory is diffeomorphism invariant. We can construct a massive gravity in which the stress energy is
still conserved, the cost is that we lose the general diffeomorphism invariance, though we can ensure the Poincare
invariance as an ordinary field theory in Minkowski space. It seems that we cannot have our cake and eat it too. This
fascinating problem may root in the essence of the mass form of the massive gravity. The Misner-Sharp mass is a
component of a conserved current associated to the matter stress energy by definition (1). Because the stress energy
of the matters in massive gravity may be not a conserved quantity, i.e., generally
∇aT ab 6= 0, (2)
the corresponding Misner-Sharp mass defined in (1) may be not a conserved charge. We will try to explore the Misner-
Sharp mass for a diffeomorphism invariant massive gravity in a four dimensional spacetime with a two dimensional
maximally symmetric subspace, which may be helpful to understand this stress energy conservation problem. We shall
show that in this special case (1) is still a conserved charge, and is exactly equal to the result from the inverse first
law method. Furthermore, the studies to thermodynamics of massive may be also helpful to clear the conservation
problem of the stress energy.
The stability problem is critical for massive gravity. For a general non-degenerated reference metric, it is shown
that the ghost excitation can be removed by a reparametrization of the ADM decomposition. In this article we will
show that for a singular reference metric in consideration, the ghost excitation is also suppressed.
Black hole thermodynamics (more generally gravi-thermodynamics) significantly boosts our understandings of grav-
ity theory. It even be treated as a critical probe to the quantum gravity theory. In the solutions of the Einstein theory,
the global quantities such as mass, entropy, temperature, angular momentum, and charge exactly satisfy the first law
in equilibrium thermodynamics. However, since in the first law for black hole the global quantities are involved, it is
difficult to be used in the realistic astrophysical processes. In view of this situation, the unified first law is developed.
In the unified first law, only quasi-local quantities are involved. Therefore, it is no essential difficulties to apply it in a
finite region. Both in the first law and the unified first law the spacetime are treated as an equilibrium thermodynamic
system. This point is correct if we restrained in the Einstein gravity. But when we consider modified gravities, is
this equilibrium condition automatically satisfied? It is not a trivial problem, i.e., some modified gravities can not
reach an equilibrium state. When we consider a thermodynamical system, an entropy production term is inevitable.
According to some investigations, f(R) theory may be such an example [26, 27]. We will show that there is no entropy
production term in massive gravity theory. It really can be in equilibrium state. This presents a decent foundations
for the previous studies of thermodynamics in massive gravity [17, 19, 28].
This paper is organized as follows. First, we give a simple review for the Misner-Sharp mass in some previous results
in section II. In section III, we investigate the Misner-Sharp mass in the massive gravity for a four dimensional general
spacetime with a two dimensional maximally symmetric subspace, which is used by both the inverse unified first law
method and conserved charge method. As a special case, we also investigate the Misner-Sharp mass in the static
spacetime in the section IV. In section V, for the simplicity, we just take the FRW universe into account to investigate
the thermodynamical state for the massive gravity, and we show that the massive gravity can be in thermodynamic
equilibrium. Finally, we give a brief conclusion and discussion in section VI.
3II. MISNER-SHARP MASS: SOME PREVIOUS RESULTS
The Misner-Sharp mass is a significant quasilocal mass of gravitational field, i.e., defined on a boundary of a given
region in space-time. It is first proposed in Einstein gravity in a spherically symmetric spacetime. For the four
dimensional spherically symmetric spacetime with metric
ds2 = habdx
adxb + r2dΩ22, (3)
where Ω2 denotes a unit two-sphere, hab are general functions which are independent on the inner coordinates of the
two-sphere, and a, b run from 0 to 1. The Misner-Sharp mass is defined as [29]
Mms =
r
2G
(
1− hab∂ar∂br
)
, (4)
where G denotes the Newton constant. With this definition of the Misner-Sharp mass, the unified first law [29] reads,
dMms = AΨadx
a +WdV, (5)
where A = 4πr2 is the area of the sphere with radius r and V = 4πr3/3 is its volume, W is called work density
defined as W = −habTab/2 and Ψ energy supply vector, Ψa = T ba ∂br +W∂ra, with Tab being the projection of the
four-dimensional stress energy Tµν of matter in the normal direction of the 2-dimensional sphere.
The unified first law has been used in several different cases of Einstein gravity and in modified gravity [30]. The
logic in the unified first law is as follows: we first define the Misner-Sharp mass as shown in (4), and then we find
that it satisfies the unified first law (5). However, in the modified gravity theories, we have no prior definition of the
Misner-Sharp mass. Exactly the unified first law requires a mass in the LHS of (5). Thus we can define a mass in (5)
as an extension of the Misner-Sharp mass in modified gravity theories by using the RHS of (5) [5]. We call it inverse
first law method, or the integration method in previous literatures. In addition, in a general spherically symmetric
spacetime, one can define a Kodama vector. The stress energy together with the Kodama vector usually leads to a
conserved current, whose corresponding conserved charge is just the Misner-Sharp mass in Einstein gravity. This is
the conserved charge method, and has been proved to be equivalent to the inverse unified first law method in the
Gauss-Bonnet gravity and f(R) gravity.
III. MISNER-SHARP MASS IN THE MASSIVE GRAVITY
In this section, we first explore the Misner-Sharp mass in the massive gravity by using the inverse first law method.
Then, we consider the conserved charge method. Usually, the action of the massive gravity in an (n+2)-dimensional
spacetime reads [17, 19]
S =
1
16πG
∫
dn+2x
√−g
[
R+
n(n+ 1)
l2
+m2
4∑
i
ciUi(g, f)
]
, (6)
where f is a fixed symmetric tensor, which is usually called the reference metric, ci are constants [41], and Ui are
symmetric polynomials of the eigenvalues of the (n+ 2)× (n+ 2) matrix Kµν ≡
√
gµαfαν :
U1 = [K],
U2 = [K]2 − [K2],
U3 = [K]3 − 3[K][K2] + 2[K3],
U4 = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4]. (7)
The square root in K means (√A)µν(
√
A)νλ = A
µ
λ and [K] = Kµµ =
√
gµαfαµ (to extract the roots of the components
one by one and then to make summation). The equations of motion turns out to be
Rµν − 1
2
Rgµν − n(n+ 1)
2l2
gµν +m
2χµν = 8πGTµν , (8)
where
χµν = −c1
2
(U1gµν −Kµν)− c2
2
(U2gµν − 2U1Kµν + 2K2µν)−
c3
2
(U3gµν − 3U2Kµν
+ 6U1K2µν − 6K3µν)−
c4
2
(U4gµν − 4U3Kµν + 12U2K2µν − 24U1K3µν + 24K4µν). (9)
4In this article, for simplicity and without loss of generality, we just consider the Misner-Sharp mass of a four-
dimensional spacetime with a two dimensional maximally symmetric inner space in the above massive gravity, and
the general metric ansatz can be
ds2 = −2e−ϕ(u,v)dudv + r2(u, v)γijdzidzj. (10)
where γij is the metric on a two-dimensional constant curvature space N with its sectional curvature k = ±1, 0,
and the two-dimensional spacetime spanned by two null coordinates (u, v) and its metric are denoted as (T , hab). In
addition, we take the following reference metric as in [19],
fµν = diag(0, 0, c
2
0γij), (11)
with c0 being a positive constant. Thus the symmetric polynomials become
U1 = 2c0
r
,U2 = 2c
2
0
r2
,U3 = 0,U4 = 0, (12)
and hence the field equation takes its form as
Rµν − 1
2
Rgµν + Λgµν +m
2χµν = 8πGTµν , (13)
where Λ = − 3
l2
, and
χµν = −c1
2
(U1gµν − Kµν)− c2
2
(U2gµν − 2U1Kµν + 2K2µν). (14)
For the metric (10), the useful components in the field equation (13) can be explicitly expressed as
8πGTuu = −2r,uϕ,u + r,uu
r
,
8πGTvv = −2r,vϕ,v + r,vv
r
,
8πGTuv =
(k + c20c2m
2)− Λr2 + 2r,vr,ueϕ + r(c0c1m2 + 2r,uveϕ)
r2eϕ
, (15)
A. Inverse unified first law method
According to the inverse unified first method in Ref [19], similar to the case of Einstein gravity (5), one assumes
the equations (15) of gravitational field can be cast into the form
dMeff = AΨadx
a +WdV, (16)
where A = Vkr
2 and V = Vkr
3/3 are area and volume of the 2-dimensional space with radius r, energy supply vector Ψ
and energy density W are defined on (T , hab) as in the case of Einstein gravity, and Meff is signed as the generalized
Misner-Sharp mass in the modified gravity if it exists. Hence the right hand side in (16) can be explicitly expressed
as
AΨadx
a +WdV = A(u, v)du +B(u, v)dv, (17)
where
A(u, v) = Vkr
2eϕ(r,u Tuv − r,v Tuu), (18)
B(u, v) = Vkr
2eϕ(r,v Tuv − r,u Tvv). (19)
With the equations in (15), we can express A and B in terms of geometric quantities as
A(u, v) =
Vk
8πG
{
r,u [(k + c
2
0c2m
2)− Λr2 + 2r,vr,ueϕ + r(c0c1m2 + 2r,uveϕ)]
+2reϕr,v (ϕ,u r,u+r,uu )
}
,
B(u, v) =
Vk
8πG
{
r,v [(k + c
2
0c2m
2)− Λr2 + 2r,vr,ueϕ + r(c0c1m2 + 2r,uveϕ)]
+2reϕr,u (ϕ,v r,v +r,vv )
}
. (20)
5Now we try to derive the generalized Misner-Sharp mass by integrating the equation (16). Clearly, if it is integrable,
the following integrable condition has to be satisfied
∂A(u, v)
∂v
=
∂B(u, v)
∂u
. (21)
It is easy to check that A and B given in (20) indeed satisfy the integrable condition (21). Thus directly integrating
(16) gives the generalizing Misner-Sharp energy
Eeff =
∫
A(u, v)du +
∫
[B(u, v)− ∂
∂v
∫
A(u, v)du]dv
=
Vkr
8πG
[(k + 2eϕr,ur,v)− Λr
2
3
+
(c1c0m
2r + 2c2c
2
0m
2)
2
]. (22)
Note that, here the second term in the first line of (22) in fact vanishes and we have fixed an integration constant
so that Eeff reduces to the Misner-Sharp energy in Einstein gravity when c1 = c2 = 0. In addition, the generalized
Misner-Sharp mass in massive gravity can be rewritten in a covariant form
Eeff =
Vkr
8πG
[
(
k − hab∂ar∂br
)− Λr2
3
+
(c1c0m
2r + 2c2c
2
0m
2)
2
]. (23)
which is the generalized Misner-Sharp mass in the massive gravity with four dimensional spacetime with a two
dimensional maximally symmetric subspace.
B. Conserved charge method
Note that, another important property of Misner-Sharp mass is that it can be associated with the conserved charge
corresponding Kodama vector in a spherically symmetric spacetime. One can extend the Misner-Sharp mass to Gauss-
Bonnet gravity by using this property [4], which is equivalent to the inverse unified first method [5]. Here we check
whether the two methods are equivalent in the four-dimensional massive gravity case. The special significance of this
confirmation is associated to conservation problem of the stress energy of the massive gravity. It is not clear whether
the mass derived by the inverse unified first law method is a component of a conserved current. Generally the stress
energy is not conserved in massive gravity. Hence, the charge defined in (1) may be not a conserved charge. However,
we will verify that the stress energy is really conserved in our case.
In Ref. [7], Kodama vector is defined in a spherically symmetric spacetime as,
Kµ = −ǫµν∇νr, (24)
on (M, g), where ǫµν = ǫab(dxa)µ(dxb)ν , and ǫab is the compatible volume element to the metric h on (T , hab). The
Greek indexes µ, ν run from 0 to 1 in (10). By direct calculation, (24) can be rewritten as,
Kµ = eϕ
[
r,v
( ∂
∂u
)µ
− r,u
( ∂
∂v
)µ]
. (25)
Just like the case of a Killing vector, the Kodama vector induces a conserved current in Einstein gravity. Mimicking
the case of Einstein gravity, we define
Jµ = −T µ νKν . (26)
It is interesting that the stress-energy of matter field is conserved for the massive gravity in our case, i.e. the ansatz
(10) and reference metric (11)
∇µT µν = 0. (27)
Furthermore, we find that the current Jµ is also conserved in this case,
∇µJµ = 0. (28)
Therefore, the associated conserved charge can be defined
QJ =
∫
∗J. (29)
6By using the line element in (10) and equations in (15), we obtain
QJ =
Vkr
8πG
[(k + 2eϕr,ur,v)− Λr
2
3
+
(c1c0m
2r + 2c2c
2
0m
2)
2
]. (30)
which is obvious that the conserved charge QJ is just Meff in (22). We reach the same result by different routes.
Therefore, (30) and (22) should be a reasonable generalization of Misner-Sharp mass in massive gravity. At least,
it inherits two significant properties of Misner-Sharp mass in Einstein gravity: it satisfies the unified first law and
corresponds to a conserved charge associating to the Kodama vector. For c1 = c2 = 0 our result reduces the previous
result in Einstein gravity [5].
IV. STATIC CASE
The spacetime (M, g) becomes a stationary one if there exists a time-like Killing vector. Moreover, it is a static
one if it permits an n− 2-dimensional maximally symmetric submanifold (N , γ), since the metric can be written in
a time orthogonal coordinates system,
ds2 = −λ(r)dt2 + h(r)dr2 + r2γijdzidzj. (31)
In principle, for any concrete metric form one can always make coordinates transformations to write it in double null
form (10). And thus one can use all the results in the last section. Then one makes inverse coordinates transformation
to get the results in the original coordinates. For the special status of static spacetime, we also explicitly present the
Misner-Sharp mass in the static coordinates.
To obtain the Misner-Sharp mass, we only need Ttt, Trr, and Trt. The useful components of the field equation in
this coordinate system read,
8πGTtt = −λ(h− kh
2 − c2c20m2h2 − c1c0m2rh2 + r2Λh2 − rh′)
r2h2
,
8πGTrr =
λ− khλ− c2c20m2hλ− c1c0m2rhλ+ r2Λhλ+ rλ′
r2λ
,
8πGTtr = 0, (32)
where a prime denotes the derivative with respect to r.
In this case, the definition of Misner-Sharp mass (16) becomes
F ≡ dMeff = A(t, r)dt +B(t, r)dr, (33)
where
A(t, r) =
Vk
8πGh
r2(r,r Ttr − r,t Trr) = 0, (34)
B(t, r) =
Vk
8πGλ
r2(r,r Ttt − r,t Ttr) = Vk
8πGh2
[kh2 − h+ (c2c20m2 + rc1c0m2 − r2Λ)h2 + rh′]. (35)
One immediately sees that F in (33) is a closed form, since
A,r = B,t = 0. (36)
Hence, the Misner-Sharp mass is naturally well-defined for a static spacetime in the four-dimensional massive gravity
as
Eeff =
∫
B(t, r)dr +
∫
[A(t, r) − ∂
∂t
∫
B(t, r)dr]dt
=
Vkr
8πGh
[(kh− 1)− Λr
2h
3
+
h(c1c0m
2r + 2c2c
2
0m
2)
2
]
=
Vkr
8πG
[
(
k − hab∂ar∂br
)− Λr2
3
+
(c1c0m
2r + 2c2c
2
0m
2)
2
]. (37)
In Refs.[17, 19], the authors have found a static solution in the four-dimensional massive gravity like
λ(r) =
1
h(r)
= k +
r2
l2
− m0
r
+
q2
4r2
+
c1c0m
2
2
r + c2c
2
0m
2. (38)
7Therefore, the Misner-Sharp mass for this static solution is
Eeff =
Vk
8πG
(m0 − q
2
4r
), (39)
which is independent on ci(i = 0, 1, 2) and like the case in the Reissner-Nordstorm solution. This Misner-Sharp
mass will be a constant if the electric charge q vanishes (which means that the stress energy vanishes), just like the
Schwarzschild case. This result indicates that for a shell dwelling at r1 to r2 (0 < r1 < r2) in such a spacetime, the
Misner-Sharp mass is zero. There is no energy flow in the whole spacetime, which is a result of the conservation of
the stress energy of the matter field.
V. STABILITY PROBLEM
Before proceeding further about the thermodynamics of the massive gravity, we make a concise discussion on the
stability problem. In general relativity a standard ADM decomposition of the metric reads,
ds2 = −(N2 −NiN i)dt2 + 2Nidtdxi + γijdxidxj , (40)
where N denotes the lapse and Ni denote the shift functions, and γij is the spatial metric. With such a decomposition,
the Hilbert-Einstein action reads,
S =
1
16πG
∫
d4x(πij γ˙ij +NµR
µ +
√−g 6
l2
), (41)
in which (πij , γij) are conjugate pairs with respective to this action, Nµ = (N, Ni), and
R0 =
√
γ
[
R+
1
γ
(
π2
2
− πijπij)
]
, (42)
Ri = 2
√
γ ∇j
(
πij√
γ
)
, (43)
where γ is the determinant of γij , R is the three dimensional Ricci scalar of γij . Because γij is symmetric, there are
six propagating degree of freedoms at the most. Three of them are ordinary translational degree of freedoms of a
mass point in three directions. Two of them are polarization degree of freedoms, and the residue one may become a
ghost. However, Nµ appear in the action (41) are four lagrange multipliers, which correspond to four constraints in
the resulting equations of motions. Thus, there are only two polarization degree of freedoms really free in general
relativity.
The situation is different in the massive case (6), which can be rewritten as,
S =
1
16πG
∫
d4x
(
πij γ˙ij +NµR
µ +m2P (Nµ, γij , f) +
√−g 6
l2
)
, (44)
where
P = −2N√γ(tr
√
f/g − 1). (45)
Because f is a singular matrix with rank 2,
√
f/g is a rank 2 matrix. The term −1 in the bracket is to ensure the
term P does not contain a cosmological constant. Apparently, all Nµ are no longer lagrange multipliers, and thus the
constraints (42) and (43) are turned off. So all the six possible degrees of freedom of γij are liberated, including the
ghost.
If the four Nµ depend only on three combinations, defined as ni = ni(Nµ), N is separated as a lagrange multiplier,
and thus the Hamiltonian constraint is turned on, which suppresses the ghost excitation. For the detailed demon-
strations of this point, see [15]. In fact it is just the case of linear Fierz-Pauli massive gravity [25]. According to this
requirement we set
N i = ci(ni, γij) +Nd
i(ni, γij). (46)
8We emphasize that ci and di are not functions of N . Further, we introduce
β , (c2)2f22 + (c
3)2f33,
√
βLij ,
√
(γim − didm)fmj . (47)
Then we obtain a solution (not the general solution) for ci and di,
ci = ni, (48)
di = Limn
m. (49)
One can confirm that N becomes a lagrange multiplier in the action after one makes a reparametrization of the ADM
decomposition (46) when the above conditions are satisfied. Therefore, the ghost excitation is suppressed.
VI. THERMODYNAMICS FOR THE MASSIVE GRAVITY
There are several approaches to analyze the thermodynamics for a gravity theory [26, 27, 31–37]. In this article,
we use a direct approach, which just investigates the unified first law projected on a trapping horizon [32–37]. For
simplicity, we take it in the FRW universe into account.l
The metric of FRW universe is
ds2 = −dt2 + a2(t)
(
dρ2
1− kρ2 + ρ
2(dθ2 + sin2φ2)
)
. (50)
After setting r(t, ρ) ≡ a(t)ρ, one can easily obtain
ds2 = −dt2 + e2ψ(t,ρ)dρ2 + r2(t, ρ)(dθ2 + sin2θdφ2), (51)
where eψ(t,ρ) = a(t)√
1−kρ2
. For the metric (51), the useful components in the field equation (13) can be explicitly
expressed as
8πGTtt =
c2c
2
0m
2 + 3kρ2 + c1c0m
2ρa− Λρ2a2 + 3ρ2a˙2
ρ2a2
,
8πGTρρ =
c2c
2
0m
2 + kρ2 − Λρ2a2 + ρ2a˙2 + ρa(c1c0m2 + 2ρa¨)
ρ2(−1 + kρ2) ,
8πGTtρ = 0, (52)
and the corresponding Misner-sharp mass is
Eeff =
r[3c1c0m
2r − 2Λr2 + 6(1 + c2c20m2 − r2,ρe−2ψ + r2,t)]
12
. (53)
From the unified first law, we have
dEeff = AΨadx
a +WdV = A(T ba∂br +W∂ar)dx
a, (54)
where
Ψa =
[
hρρTtρr,ρ +
1
2
(httTtt − hρρTρρ)r,t
]
(dt)a +
[
httTtρr,t +
1
2
(hρρTρρ − httTtt)r,ρ
]
(dρ)a,
W = −1
2
(httTtt + h
ρρTρρ). (55)
Note that, the apparent horizon of FRW universe is located at rA =
1√
H2+ k
a2
[32, 34, 36]. A recent approach
shows that the apparent horizon emits Hawking radiations in FRW universe in Einstein gravity [36]. Here, on the
apparent horizon of a FRW universe in massive gravity, the energy crossing the apparent horizon within time interval
dt is [32, 34, 35]
δQ = dEeff |rA = AΨadxa|r=rA = A(Ψt −ΨρHρ)dt. (56)
9where dρ = 1
a
dr −Hρdt has been used. After inserting the (55) into the above equation, we obtain
δQ = dEeff |rA = AΨadxa|r=rA = −Hr3A(−
k
a2
− H˙)dt. (57)
Note that, the relationship between the entropy and horizon area just depends on the fundamental gravity theory,
while the temperature just depends on the metric of spacetime. Therefore, the temperature of FRW is still T = 12pirA
[32, 34, 36], while the entropy of apparent horizon is S = A/4 = πr2A [19]. Hence, the Clausius relation is same as the
Einstein case [34]
TdS = −Hr3A(H˙ −
k
a2
)dt. (58)
Obviously, the usual Clausius relation δQ = TdS does hold on the apparent horizon of FRW universe, which indicates
that the massive gravity is a equilibrium state.
VII. CONCLUSION AND DISCUSSION
The Misner-Sharp mass is an interesting approach in the studies of energy in gravitational field. It is very useful to
discuss a gravitational system with energy transformation in different regions and energy conversion among different
forms. Misner-sharp mass plays a critical role in the unified first law. In our paper, we derive the general form of
Misner-Sharp mass via the inverse unified first law method, and confirm it by the conserved charge method. We find
that the existence of a well-defined Misner-Sharp mass does not yield additional requirement of the theory, which is a
distinguished feature in higher derivative theories. We demonstrate that the massive gravity with singular reference
metric is ghost free. Also, for the cases of a FRW universe and a static spacetime with three types of two dimensional
maximally symmetric subspaces, we present the concrete forms of the Misner-Sharp mass. Especially, we explore the
thermodynamics of a FRW universe in massive gravity, and show that the massive gravity can be in thermodynamic
equilibrium, i.e., there is no extra entropy production term in this case.
It should be pointed out, due to the massive graviton, the stress energy of matter field is usually not conserved if
we require the massive gravity theory is diffeomorphism invariant. However, it is interesting that the stress energy of
matter field is conserved in our case. Moreover, the existence of the Misner-sharp mass for the massive gravity in our
case also does not lead to extra constraint, which is notable in modified gravities. Note that, all our results are just
investigated under the metric ansatz (10) and the reference metric (11), which both have the maximally symmetric
subspaces, and hence the maximal symmetry may deduces this conservation and non-extra constraint. Therefore, it
is an interesting issue to find out a solution where the stress energy of matter field is not conserved. After finding the
solution, we can investigate the Misner-Sharp mass and thermodynamics for this solution, which will be helpful for us
to understand the energy flows between gravitational field and matter field. In addition, it has been found that the
mass of the graviton can deduce many interesting results in the holographic model via the AdS/CFT correspondence.
For example, the dual conductivity generally exhibits a Drude peak which approaches a delta function in the massless
gravity limit, the mass of the graviton can play the same role as the lattice in the holographic conductor model [38, 39],
and conservation of energy-momentum in the dual field theory is usually violated, i.e., momentum dissipation and
relaxation [21, 40], etal. Therefore, it is also another very interesting issue to have further study on the holographical
massive gravity.
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